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1. INTRODUCTION 
This paper deals with a generalization of “the mean value theorem of the 
strong differential calculus of vector-valued functions” (A. K. Aziz and J. B. 
Diaz [I, p. 261]), to vector-valued functions of a real variable which are right- 
hand strongly differentiable except possibly on a denumerable set. This 
generalization is proved in Section 2. This mean value theorem is then used 
in Section 3 to obtain uniqueness theorems for “ordinary right hand deriva- 
tive equations.” 
2. MEAN VALUE THEOREM FOR STRONG DERIVATIVES 
The following lemma is employed in the proof of the mean value theorem 
given in this section. Although the proof of the lemma follows readily from a 
modification of the proof of the so-called Zygmund’s lemma (see Wazewski 
[2, p. 21; Saks [3, p. 2031; or McShane [4, pp. 200-202]), the argument is 
given here in full, since it is the strict inequality in both the hypotheses and 
in the conclusion of the lemma which is crucial for the present purposes. 
LEMMA 1. Suppose that f(x) is real-valued and continuous on the finite 
closed real number interval [a, b], and that one of the following two conditions 
relative to the Dini derivates is satisjied: 
D+f(x,) = lim supf(x) -f(xo) > 0, X+X0+ x - x0 
1 The research of this author was supported in part by the N.S.F. grant G-17826 
and in part by the U. S. Naval Ordnance Laboratory, White Oak, Maryland. 
B The research of this author was supported by the Air Force Office of Scientific 
Research - grant AFOSR 400-63 and by the U. S. Naval Ordnance Laboratory, 
White Oak, Maryland; and also by Grant AFOSR 1122-66 to the University of 
California, Riverside, which is his present address. 
302 
MEAN VALUE THEOREM 
for a < x,, < b, except for at most a denumerable set I?,; or 
D-f (xg) = limi$f f(x) -fkl) >* x - x, , 
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Cd’) 
for a < x0 < b, except for at most a denumerable set E,, . 
Then f(x) is strictly increasing on a < x f b; that is, f(xr) <f (x2) when- 
ever a < xi < xa < b. (The proof will be given only in case (d) holds. The 
argument is similar for (d’).) 
PROOF. The proof is in two parts. It will first be shown thatf(xr) <f (x2) 
whenever a < x1 < x2 < b; and then it will be shown that, actually, the 
strict inequality f (x1) <f (x2) holds. 
Consider the proof of the first part, that f(xJ <f (x2). Suppose, contrary 
to what one wishes to prove, that for some x1 , xa one has f(xr) >f(x.J, 
where a < xi < xa < b; it will be shown that this supposition leads to a 
contradiction. Since Es is denumerable, there exists a number p, with 
f (xi) > /L > f (x2), and such thatf(x) # TV whenever x is in E,, . Consider the 
subset, call it S, , of the closed interval [xi , x ] consisting of all the numbers a , 
x in [xi , x2] for which f (x) 3 (L. The set 5, is not empty, since f (x1) > p; 
and the set S, is closed, since f is continuous on [xi , x2]. Let 6 be the maxi- 
mum of the numbers of the set S, . Since S, is closed, 5 belongs to S, . 
Then, xi d 6 < x2, since TV > f (xa). Further, the number 5 does not 
belong to the exceptional set E, , because one must have that f (0 = p, 
again by the continuity off. But then, whenever x is such that [ < x < x2 , 
one has, by the definition of f, that 
f(x) -f (5) < (), 
X-E 
which means that the Dini derivate 
contradicting hypothesis (d). Therefore, it has thus been shown that 
f(xJ <<f(x,) whenever a Q x1 < x, < b. 
Consider the proof of the second part, that /(xi) <f (x2). There only 
remains to exclude the possibility that the equality sign may hold in the 
inequality f (x1) <f (xa) already obtained in the first part of the proof. Sup- 
pose, contrary to what one wishes to prove, that there are numbers xi and 
xa such that a < x1 < x2 < b, withf(x,) = f (xa); it will be shown that this 
supposition leads to a contradiction. Consider the finite interval x1 < R < x8; 
for any such % one hasf(xJ <f(x), by the preceding argument. It is impos- 
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sible to have f(xl) <f(n) with x1 < 3 < xs , because then one would have 
f(4 = fh) < f(9, and th e conclusion of the first part of the proof would 
be contradicted on the subinterval fl < x < x2 . Consequently, one must 
have thatf(xr) =f(~e) =f(@ for every f such that x1 < E < x2. But then 
D+f is zero throughout the subinterval x1 < R < x2, and hence the excep- 
tional set E, is not denumerable, which is in contradiction with hypothesis (d). 
Lemma 1 will be employed in proving the following mean value theorem, 
which generalizes the “mean value theorem of the strong differential cal- 
culus” given by A. K. Aziz and J. B. Diaz [I, p. 2611. 
MEAN VALUE THEOREM. If 
(1) The vector function x(t) is defined for all real t such that a < t < b, 
where a < b, and its values are in a linear normed space B (the norm in B will 
be denoted by 11 II); 
(2) x(t) is strongly continuous on a < t < b (i.e., 
lj+T I/ x(t) - x(&J II = 0 
0 
for every a < t, < 6); 
(3) The “right-hand derivative” x+‘(t) exists, finite, whenever a < t < b, 
with the possible exception of a denumerable set of values of t (i.e., save possibly 
for denumerably many t’s, there is a vector x+‘(t) such that 
lim ‘(‘) - x(t) 
s-) t+ Ii s-t - x+‘(t) iI = 0); 
then 
(4) there is a number 6, with a < f < b, such that x+‘(f) exists and 
II “lbj 1 zca) 1 G II x+‘(f) il. 
PROOF. The argument is by contradiction. Suppose that the conclusion 
is not true. Then, for every t on a < t < b, which is not in the exceptional 
denumerable set, one must have that 
)I 
x(b) - 44 
b-a II > II x+‘(t) !I * 
But for a < t < t + h < b, from the triangle inequality, and since h > 0, 
one has 
II 
x0 + 4 - x(t) 
h I/ 
b II 4t + h) - 44 11 - II x(t) - x(a) II; 
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which implies, upon taking the limit superior as h approaches 0 +, that 
II 
44 - 44 
b-u II > II x+‘(t) II 
= lim 4 + h) - x(t) 
h++O II h II 
t lim sup II x(t + h) - “‘“‘II - II x(t) -x(a) II 
h-O+ 
In terms of the Dini right-hand derivate D +, the last inequality may then be 
rewritten 
D+ l(t - a) 11 x’b; I;(‘) 11 - /I x(t) - x(u) I( > 0, 
for all t, not in the exceptional denumerable set, such that a < t < b. From 
the lemma above, applied to the function inside the curly brackets (this 
function is continuous on a < t < b), it follows that the value of this function 
at t = a must be smaller than the value of the function at t = b. But this 
means that 0 < 0, a contradiction, and the theorem is proved. 
This mean value theorem will be employed in the next section in the proof 
of uniqueness theorems for “strong right-hand” ordinary differential equa- 
tions. 
3. UNIQUENEB THEOREMS FOR 
STRONG RIGHT-HAND DIFFERENTIAL EQUATIONS 
The theorems that can be obtained are patterned after those given in [l, 
Section 31. The proofs are similar to those of the corresponding uniqueness 
theorems in [l], but care must be taken in the arguments to deal with the 
possibility of the occurrence of the denumerable exceptional sets, In order 
to illustrate the procedure, only the statement and the proof of the analogue 
of the first uniqueness theorem of [I] will be carried out in full. It is true that 
the uniqueness theorems obtained in this way are contained as special cases of 
known general theorems (see [6]). In particular, the present Theorem 1 
follows from Theorem 3 of [6] upon taking the operator A to be identically 
zero. Nevertheless, the direct elementary proof of Theorem 1 given here is 
certainly of didactic value. 
THEOREM 1. If 
(1) The erector valuedfunction f (t, x) (with v&es in a linear normed vector 
space B) is dejined for all ordered pairs (t, x) such that to < t < t,, + a, and 
x is in the vector space B, where to and a are real numbers, with a > 0; and f 
sutisjies a Lipschitz condition in the argument x (that is, there is a number 
L > 0 such that 
Ilf(4 4 -fP, 4 II GL IIX - Xl II 
whenever to < t < t, + a and x and x, are vectors of the space B); 
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(2) x0 is a vector of the space B; 
then 
(3) There is at most one vector valued function x(t), dejned and strongly 
continuous on the interval (half open) t, < t < t, + a, which satisjies the 
initial condition x(t,) = x,, and which has a finite strong right-hand derivative 
x+‘(t) on t, < t < t, + a, save possibly f OY a denumerable set of values oft, and 
satisjes the “right-hand derivative” equation 
x+'(t) =f(t, x(t)) 
on t, < t < t, + a, minus an exceptional denumerable set of values of t. 
PROOF. Suppose that u(t) is a “solution” and that v(t) is also a “solution”. 
Then one has u+‘(t) = f (t, u(t)) and v+‘(t) = f (t, v(t)) on to < t < to + a 
(simultaneously) minus a denumerable set of t, with u(t) and v(t) continuous on 
to < t < to + a, and u(tO) = v(to) = x,, . Suppose, contrary to what one 
wants to prove, that the function /I u(t) - v(t) 11 , which is known to be 
continuous on to < t < to + a, and to be zero at t = to, does not vanish 
throughout to < t < to + a. Then there is a number i, with to < t < to + a, 
such that 11 u(t) - v(t) 11 > 0. C onsequently, there also exists a number 7, 
with to < 7 < t < to + a such that the real valued function 11 u(t) - v(t) I/ 
is not identically zero on any t interval 7 ,< t < 7 + h < i, where h > 0, 
and also II u(t) - v(t) /j = 0 for to < t < 7. (Indeed, 7 is just the least upper 
bound of all numbers T,, such that 
II 44 - v(t) II = 0 whenever to < t < To .> 
Choose h > 0 so small that both 7 + A < z! and AL < 1, where L is the 
Lipschitz constant for f (t, x). Since the nonnegative function 11 u(t) - v(t) II 
is continuous and not identically zero on the closed interval 7 < t < 7 + A, 
it has a positive maximum at some number, call it 7, , of this interval (notice 
that T < 7,). Now, applying first the mean value theorem to the difference 
function u - v on the interval 7 < t < 7,, then employing the “right-hand 
derivative” equations satisfied at t* by the functions u and v; and then using 
the Lipschitz condition for f; one obtains, in succession, that 
0 < 11 u(Tm) - V(Tm) 11 = /I [U(Tm> - V(Tm)l - [u(T) - vtT>l 11 
< (Tm - T> /I U+‘(t*) - “+‘(t*) 11 
=(Tm -T) lif(t*>u(t*>) -f(t*,v(t*)) 11 
G AL II 4t*) - v(t*) II 
< AL 11 U(Tm> - V(Tm) Ii 7 
where t* is the “mean value abscissa,” satisfying 7 < t* < r,, < 7 + A; 
and thus 1 < AL, contradicting the initial choice of A. 
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